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Adaptive Finite Element Method for Turbulent Flow
near a Propeller

Dominique Pelletier,* Florin Ilinca,| and Jean-Frangois Hetu$
CERCA and Ecole Polytechnique de Montreal, Montreal, Quebec H3C 3A7, Canada

This paper presents an adaptive finite element method based on remeshing to solve incompressible turbulent
free shear flow near a propeller. Solutions are obtained in primitive variables using a highly accurate finite ele-
ment approximation on unstructured grids. Turbulence is modeled by a mixing length formulation. Two general
purpose error estimators, which take into account swirl and the variation of the eddy viscosity, are presented and
applied to the turbulent wake of a propeller. Predictions compare well with experimental measurements. The
proposed adaptive scheme is robust, reliable and cost effective.

Nomenclature
e = error
/ = body force
h = element size
/(•) = energy functional
Lm = mixing length
h = outward unit vector
p = pressure
R = propeller radius
S = torque
T = thrust
u = velocity vector
w = test function
p = density
y = strain rate tensor
V = gradient operator
V* = divergence
[l = viscosity
r| = relative error
5 = element size for new mesh

Subscripts
3^5 = boundary
0 = reference value
av = average
ex = exact solution
h = finite element solution
/ = laminar
m = maximum
t = turbulent

Introduction

ADAPTIVE finite element methods provide a powerful ap-
proach for tackling complex computational fluid dynamics

problems. They provide a framework for optimizing several as-
pects of the computational process. For instance, grid points can be
clustered in regions of rapid solution variation to improve accu-
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racy. This is often done in such a way as to result in a uniformly
accurate solution throughout the domain. The adaptive process is
then cost effective in the sense that the best numerical solution is
obtained at the least computational cost. Moreover, such ap-
proaches provide flexibility in modeling and algorithm develop-
ment and can, at least in theory, provide quantitative measures of
the accuracy of the solutions computed. The ability of the method-
ology to produce uniformly accurate solutions makes it possible to
obtain numerically exact solutions (grid independent) to the equa-
tions of motion, so that mathematical models of the physical phe-
nomenon of interest can be evaluated with confidence.

Initial breakthroughs were achieved in aerodynamics because of
the pressing need for accurate computations of shock waves.1
However, little work has been done for incompressible flows and
even less for turbulent flow problems. Proof of concept computa-
tions for laminar incompressible flow were reported by Wu et al.2
and Wang and Gary.3 In the work of Hetu and Pelletier,4'5 Pelletier
and Hetu,6 and Pelletier et al.,7 the methodology proposed by the
authors was quantitatively validated by solving laminar flows with
known analytical solution and by computing cases for which ex-
perimental measurements were available. This paper presents a
rigorous extension of the methodology to turbulent free shear
flows. The methodology is based on adaptive remeshing coupled
to a finite element solver for steady-state incompressible turbulent
flows for which turbulence is modelled by a mixing length model.

The paper is organized as follows. First we describe the model-
ing of the problem. The equations of motion and the finite element
solver are reviewed. The turbulence model is discussed and details
of the nonlinear equation solver are given. The modeling of the
propeller is also presented. The methodology section describes two
error estimators and the adaptive remeshing strategy. The pro-
posed methodology is then validated by solving a problem with a
known analytical solution to clearly quantify the accuracy im-
provements due to adaptivity. The method is then applied to free
shear flows near a propeller for which experimental data are avail-
able. The paper closes with conclusions.

Modeling of the Problem
Equations of Motion

The flow regime of interest is modeled by the Reynolds-aver-
aged Navier-Stokes equations:

= 0
(1)

where JLI is the effective viscosity (the sum of the eddy and fluid
viscosities) and / are body forces representing the effects of the
propeller disk. The strain rate tensor is defined by

= (1/2) {Vu+ (Vu)T} (2)
2186
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Appropriate Dirichlet and Newmann boundary conditions com-
plete the statement of the problem:

with

on

2jLiyO) •h-ph = t* on Tt
(3)

where h is the outward unit normal vector and t* a given force act-
ing on the boundary.

The flowfield of interest is axisymmetric; hence the Reynolds-
averaged Navier-Stokes equations are written in axisymmetric co-
ordinates. The unknowns are the axial, radial, and swirl velocity
components and the pressure.

Turbulence Model
Following Refs. 8-11, turbulence is modeled using Bouss-

inesq's eddy-viscosity concept, which assumes that turbulent
stresses are proportional to the mean velocity gradients. Using this
hypothesis the effective viscosity may be expressed as

(4)

where |i/ is the molecular viscosity, and \it the turbulent eddy vis-
cosity. To close the equations of motion, the eddy viscosity must
be related to the other unknowns of the problem. The flow behind a
propeller is very similar to jets and wakes: a velocity excess is
present downstream of the thrusting part of the propeller, and a de-
fect is also present near the root and tip of the blade. Hence a mix-
ing length model is appropriate,11 given by

i ,= pL2
m{[Vu+(Vu)T]:Vu}l/2 (5)

This approach has already proven to be very cost effective.8'11 The
mixing length is taken to be

L = 0.098 (6)

where 6 is defined as the distance between points such that the ve-
locity differs from the freestream by 10% of the maximum velocity
difference across the layer.11 For symmetric flows, 6 is the distance
from the axis of symmetry to the 10% point at the outer edge of the
free shear layer.9"11 Since the width of the free shear layer will not
vary by much in the near field of the propeller wake, we take 5 =
90% of the propeller radius, a choice that has proven adequate in
our previous work9 and was confirmed through computations using
another turbulence model.8 More sophisticated models with vari-
able Lm or using the integrated turbulence kinetic energy equation8

can be implemented readily in the current code. However, for the
present class of free shear flow problems, higher order models such
as two-equation models have not been shown to yield much im-
provement in predictions to warrant the added cost and complexity.
The only exception is probably for cases in which freestream tur-
bulence effects play an important role.

Finite Element Solver
The starting point for the finite element solver is the weak Galer-

kin form of the equations of motion. The momentum and continu-
ity equations (1) are multiplied by an appropriate test function and
diffusion terms are integrated by parts over the domain. The result-
ing variational form is given by

(pw • VM, v) + a (u, v) - (p, V • v) = (/, v) + (f*, v)

(q, V • ii) - 0
(7)

(h,g) = f hgdtt
JQ

a(u,v) = f 2( iy(M): y (v ) dQ, (8)
JQ

(t*,v) = f [2\ij(u) •h-ph] • v ds + f f • v ds
JBK\r J a ^ n r

These variational equations are solved by a standard Galerkin
method coupled to an augmented Lagrangian algorithm to treat in-
compressibility.4'6'7 Equation (5) for the eddy viscosity introduces
strong nonlinearities in the equations of motion. The diffusion
terms are linearized with Newton's method and lead to an extra
contribution to the finite element matrix:

I 1/2 y( i i ) : y (v ) (9)

where 8w are the Newton corrections for the velocities. The equa-
tions are discretized using the seven-node triangular element,
which uses an enriched quadratic velocity field and a linear discon-
tinuous pressure.4'5 This element may appear expensive at first
sight. However, it is ideally suited for fully unstructured grids.
Such meshes, coupled to an adaptive remeshing strategy, lead to
quasioptimal allocation of grid points and result in a overall com-
putationally efficient algorithm as shown at the end of the paper.

Modeling of the Propeller
The present work focuses on the prediction of the turbulent

steady-state mean flow in the near wake of the propeller. Only the
effect of the propeller on the mean flowfield is needed. Details of
the propeller blade interaction with the incoming flow is not re-
quired. The jump to trying to treat the three-dimensional cyclically
unsteady problem with individual blades with their thin boundary
layers and wake is too great to be attempted in one step at this time
even though it is of great practical importance. Hence, following
Ref. 8, the propeller is modeled by a thin disk of finite thickness
whose radius is equal to the propeller radius. The thrust and torque
vary in the radial direction. However, since little is known about
the radial distribution of thrust and torque, some assumptions must
be made. Generally one only knows the global values of thrust and
torque. For simplicity we use a trapezoidal distribution that has
proved successful in our previous work8:

t ( r ) = 0

= tm(R-r)/(R-r3)

t ( r ) = 0

re [0,rJ

re [r1?r2]

re [r2,r3]

re [r39R]
r>R

(10)

where tm is the maximum value of the thrust and R the radius of the
propeller. Values of rls r2, and r3 were set to Q.25R, Q.1R, and
0.85/?, respectively. The same form is adopted for the distribution
of the tangential force s producing swirl. These distributions are in-
tegrated over the volume swept by the propeller to yield the global
thrust and torque

T = 0.3075 x2nR\
S = 0.2218 x2n/?V,

(11)

The values of tm and sm are determined by matching these results
with the global values of the thrust and torque coefficients obtained
from experiments or from a performance analysis code. The body
forces required by the finite element code are obtained by dividing
the thrusting and swirling forces by the thickness of the propeller
disk. They are thus assumed to be uniform through the thickness of
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the disk which is set to 0.041 propeller diameter, a dimension that
roughly corresponds to the axial thickness of the propeller used in
the experiments.10 It should be noted that this approach lumps
many intricacies of the propeller effects into the body force terms.
This is acceptable in the present case since the analysis focuses on
the mean flow of the wake. Furthermore, detailed analyses re-
quired to answer questions concerning thrust and torque loading of
propeller blades would require a fully three-dimensional time de-
pendent computation. Although feasible, it remains a formidable
task beyond the scope of the present paper.

Adaptive Methodology
Generalities

The basic idea behind most adaptive methods is to assess the
quality of an initial solution obtained on a coarse mesh by using
some form of error estimation and to modify the structure of the
numerical approximation in a systematic fashion so as to improve
the overall quality of the solution. There are several ways of
achieving adaptivity: P methods increase the degree of the polyno-
mial approximation to improve accuracy12; R methods relocate
grid points13; and H methods proceed by either mesh enrichment or
remeshing.1'4

A variant of an H method, called adaptive remeshing, has been
retained because it provides the greatest control of element size
and grading to accurately resolve flow features such as shear lay-
ers, jets, and wakes. In this approach, the problem is first solved on
a coarse grid to roughly capture the physics of the flow. The result-
ing solution is then analyzed to determine where more grid points
are needed, and an improved mesh is generated. The problem is
solved again on the new mesh using the solution obtained on the
coarser mesh as an initial guess. This process is repeated until the
required level of accuracy is achieved.

Remeshing also offers an elegant and simple approach to over-
come some of the obstacles specific to incompressible viscous
flows. For instance, the best proven finite element approximations
can be selected based on their convergence and accuracy proper-
ties.14'15 This circumvents the problem associated with P methods
of satisfying the so-called Ladyshenskaya-Bubuska-Brezzi com-
patibility condition between the velocity and pressure approxima-
tions. This condition states that only specific pairs of velocity and
pressure interpolants will lead to stable solutions free of checker-
board or parasitic pressures. It also eliminates the "hanging node
problem" encountered in some //-refinement methods3 for which
special algorithms must be invoked to ensure continuity of the so-
lution and stability of the algorithm.

Error Estimation
This section describes two error estimation techniques for as-

sessing the accuracy of the solutions obtained by the finite element
solver.

Projection Error Estimator
This approach was first introduced by Zienkiewicz and Zhu16

and involves postprocessing of the stresses and strains. For incom-
pressible creeping flows, with constant physical properties, this es-
timator can be derived from the variational principle for Stokes
flow, which consists in finding a velocity vector U that minimizes
the dissipation energy

= \

Unfortunately, the exact solution is not available in cases of
practical interest. However, it has been shown that the exact
stresses and strains can be replaced by a least-squares projection of
the finite element stresses and strains ah and jh in the space of
continuous interpolation functions for velocity. Let Gh and jh de-
note the required least-squares projection on each element we can
write

(14)
Jh =

where Nt are the velocity interpolation functions. The nodal values
of Gh are obtained by minimizing the following expression:

minin f
JQ

(15)

Differentiation with respect to a^. leads to the following system of
algebraic equations:

[f ^6,.= f
LJQ. JJ J JQ

(16)

which is solved by Gaussian elimination. A similar system is
solved for the projection of jh . See Refs. 6, 16, and 17 for techni-
cal details.

This estimator does not include the effects of pressure. How-
ever, it is a simple matter to generalize the estimator to properly
treat pressure variations. The pressure approximation being discon-
tinuous, its least-squares projection into the space of velocity inter-
polation functions is easily computed. The pressure contribution to
the error is then given by

e = P- (17)

where the tilde denotes a least-squares projection.
The combined norm of the velocity and pressure errors is com-

puted as follows:

where

(«, p) || = {\\u\\2
E+ \\p

4|i2y (u) :y (M)

\\2
0}112

1/2

= fU

1/2

(18)

(19)

( V U ) T ] : [ V U + (VU)T] dx

This is the so-called natural norm induced by the variational for-
mulation of the problem. Incorporation of the pressure term in the
error estimator was shown to play a critical role in obtaining accu-
rate predictions in situations where velocity gradients are small and
pressure variations control the flow.5

Local Variational Problem for the Error
This approach provides estimates of the error without having to

solve the global least-squares problems required for the Zhu esti-
mator. Variational equations for the velocity and pressure errors
can be derived directly from the Navier-Stokes equations5'17 by
setting u = uh + eu and p = ph + ep in Eqs. (7). After some rear-
rangement one obtains

•i 2a: y dx (12)

If Uh and f/ex are the approximate and exact solutions respec-
tively, the dissipation energy of the error can be computed by eval-
uating

J ( e ) = J(Uh-UJ = J 2(a,-aex):(y / z-yex) dx (13)

> V • V

vh) =-a(u,vk)+

• n-phn\ A, vh)

(20)
The terms in parentheses on the right-hand side of Eq. (20) rep-

resent the element residual, a measure of the accuracy of the finite
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element solution inside an element. The terms in brackets are the
average viscous fluxes across element faces. The difference be-
tween this average value and the raw fluxes computed on the face
of the element reflects how well the solutions on two neighboring
elements are matched. The second equation of Eq. (20) is a mea-
sure of mass conservation.

This variational problem is discretized locally on each element.
Velocity errors are approximated with three quartic bubble func-
tions obtained by squaring the quadratic velocity interpolation as-
sociated to midside nodes. The pressure error is approximated with
a quadratic bubble function. This results in small 10 X 10 systems
of equations for each element that are inexpensive to solve. The
norm of the combined errors is computed using the same norm,
Eqs. (18) and (19), used in the projection error estimate. This local
problem approach was originally introduced as an economical al-
ternative to the projection method. It turns out that the combination
of quartic interpolants for the error and a variable eddy viscosity
mandates the use of very high-order Gaussian integration rules to
construct the local systems (up to 19 points per triangle). The net
result is that the local problem approach is somewhat more expen-
sive than the projection method. However, it is generally more ac-
curate.

Adaptive Remeshing
There remains to discuss how one exploits the knowledge of the

error distribution to design a better mesh. The adaptive remeshing
strategy is straightforward and follows that proposed in Refs. 1, 4,
and 5 and proceeds as follows:

1 - Generate an initial mesh
2 - Compute the finite element solution
3 - Compute error estimate
4 - if ( global error < tolerance ) then

- stop
else

- compute element size from error estimate
- generate an improved mesh according to

element size distribution
- interpolate current solution on new mesh

- goto 2
end if

We now provide details on some of the steps of this algorithm.
Once the finite element solution has been obtained, the error on
each element is computed using one of the previously described es-
timators. The global norms of the solution and the error are com-
puted as follows:

Finally, an expression for element sizes can be derived from the
asymptotic rate of convergence of the finite element approximation
which relates the error to some power k of the element size h

e II = chk (24)

where c is an unknown constant. For the seven-node triangle, k = 2.
This expression can also be written for the target error

(25)

These two equations can be solved for the required element size by
eliminating c from Eqs. (24) and (25)

6 = U
IMÎ

iy
rn\

(26)

This distribution of element size is then used in an advancing
front mesh generator to generate an improved mesh.

Validation
The two error estimators are first compared on a simple flow

problem for which an analytical solution is known. This provides
controlled conditions to validate the proposed adaptive strategy
and assess its computational performance for swirling flows.

For this problem the analytical solution was taken to be

u = 1 - j2, v = 0

w= [exp(Re*y) -l]/[exp(/te) -1], p = JC-0.2

«« f = III (21)

The thickness of the boundary layer in the w component is con-
trolled by the Reynolds number Re. In this problem only the swirl
velocity field will contribute to the error since the finite element
approximation provides an exact representation of the axial veloc-
ity and the pressure. The problem is solved on the [0,0.2] X [0,1]
domain. The adaptive strategy is set to reduce the computed error
by a factor of three at each cycle. Tables 1 and 2 illustrate the per-
formance of the adaptive strategy for both the projection and local
problem error estimators.

As can be seen, both error estimators drive the adaptation pro-
cess to reduce the error and its estimate at each cycle. Hence the
solution accuracy improves steadily at each adaptation cycle. Note
also that the local problem approach provides a better estimate of
the error than the projection method. Figures 1 and 2 are histo-
grams of the element errors: a count of the number of elements
whose error norm falls in a given interval. Observe the sharp peak
and tight grouping around the mean value of the error which indi-
cates that a large portion of the elements have nearly the same er-
ror. In other words, the adaptive strategy has achieved a nearly op-

so that the relative error can be evaluated as

U\ (22)

There remains to compute the element size for the improved
mesh so that elements are smaller in regions of large error and big-
ger in regions where the solution is already accurate. This is
achieved by requiring that the improved mesh be optimal (i.e., that
all elements have the same average error eav ). Now, given a target
relative error r|r, the total and average error can be related as fol-
lows:

\\e II = n !l U l!
11 av" ' Jn

where n is the number of elements in the mesh.

(23)

Table 1 Projection estimator

Mesh
0
1
2
3
4

No. of nodes
109
119
250
523

1247

No. of
elements

42
50

111
242
592

Error estimate
2.497 X 10-3
7.739 X 1(T*
3.420 X 10-4
1.082 X 10-4
4.659 X 10~5

True error
7.394 X 10-J

1.886 X 10-3
7.132 X 10-4
2.528 X 1(H
1.060 X 1(T*

Table 2 Local problem estimator

Mesh No. of nodes
No. of

elements Error estimate True error
109
105
236
500

1052

42
105
231
499

3.607 X 10~6

1.491 X 10~3

6.278 X 10-4
2.016 X 10-4
9.434 X 10~5

7.394 X 10-J
1.922 X 10~3

8.768 X 10-4
2.823 X 10-4
1.301 X 1(T*
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Fig. 1 Error distribution, projection estimator.

Number of elements
120

IE-08 IE-07 IE-06 IE-05 0.0001

Element Error

Fig. 2 Error distribution, local problem.

timal mesh. Note that the horizontal scale is logarithmic, so that the
low and wide band in Fig. 2 represents 13 elements out of a total of
1052, for which the solution is far more accurate than in other ele-
ments.

xi utxt = —> ut = —;>L: ua
p'-p'0

*29

Po (27)= _ / =Re

The characteristics of the flow, measured by Kotb,10 are

Q = 8.52 m/s, L* = D* = 0.492 m, N = 1150 rpm

ji, = 1 .8xlO- 5 kg/(s«m), po = 1.179kg/m3 (28)

KT = —— - —— = 0.150, Ks =
*4 = 0.0279

Modeling and Boundary Conditions
The inflow boundary is located two diameters upstream of the

propeller and the outflow plane stands at three diameters down-
stream of the propeller. The freestream boundary is a cylindrical
shell of radius 1.2 diameters. At the inflow, the streamwise veloc-
ity ux is set to unity, and the radial and tangential components ur
and UQ are set to zero. On the freestream boundary ux is set to one,
and the r and 0 tractions are set to zero. The three components of
the traction vector are set to zero at the outflow boundary.

A word of caution is in order concerning the accuracy of the pre-
dictions and measurements. Firstly, the computation does not in-
clude the shaft and drive-train housing of the experiments (Fig. 3).
In the experiment a body is placed close to and downstream of the
propeller to house the drive train. The housing begins at 0.23 pro-
peller diameter downstream of the disk so that its presence will af-
fect the experimental results from the station located at x/D = 0.23
which sits right on the body. One would expect this difference to
affect comparison between predictions and measurements. Inclu-
sion of the body would require a fully three-dimensional Simula-

Table 3 Projection estimator

Mesh
0
1
2
3

4a

No. of nodes
388
623

1339
3166
5051

aReduction of the error by a

Table

Mesh
0
1
2
3

4a

No. of nodes
388
643

1393
2930
4953

No. of
elements

181
294
648

1553
2492

Error estimate
4.536 X 10-J

1.634 X 10~3

6.633 X 10-4
2.461 X 1(T*
1.248 X 10-4

Solution norm
2.197 X 10~z

2.131 X 10-2

2.124 X 10~2

2.124 X lO'2
2.123 X 10~2

factor of 2.

4 Local problem estimator

No. of
elements

181
302
672

1431
2432

Error estimate
1.038 X 10~2

3.011 X 10-3

1.133 X 10-3

4.647 X 1O4

1.935 X 10-4

Solution norm
2.197 X 10-7

2.126 X 10-2
2.124 X 10-2
2.124 X 10-2

2.123 X 10-2

aReduction of the error by a factor of 2.5.

Results and Discussion
This section presents the application of the two error estimators

to uniform turbulent flow past a propeller. The adaptive strategy
was set to attempt a reduction of the error by a factor of three at
each cycle. The codes were run in a blackbox fashion requiring no
user intervention.

Nondimensionalization
All calculations were performed with a nondimensional form of

the equations of motion. Reference values are selected for the ve-
locity UQ, length LQ, and pressure PQ to obtain the following di-
mensionless variables for Eqs. (1-7) (the asterisk denotes a dimen-
sional variable)

Physical Model Numerical Model

Fig. 3 Experimental and numerical configurations.
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Cycle - 0 Axial velocity contours

2191

Swirl velocity contours

Vorticity contours

Pressure contours

Fig. 6 Solution on final mesh.

U/Uo
1.4

Fig. 4 Initial and adapted meshes.

Cycle - 0

1.1

Cycle - 2

0.9

Cycle - 4

Fig. 5 Pressure contours.

Table 5 Computational statistics for adaptation

Cycle
0
1
2
3

No. of iters.
11
6
5
4

Mesh
generation, s

0.59
1.78
3.20
7.09

Solution, s
38.47
43.19
99.76

305.64

Adaptation, s
1 .44
2.35
5.33

14.44

1
r/R

Fig. 7 Axial velocity profile.

tion that is clearly beyond the scope of this paper. Secondly, mean
flow quantities are not measured with the same accuracy. For the
experiment of Kotb,16 the order of decreasing accuracy in the mea-
surements of mean flow properties is axial velocity, pressure,
swirl, and lastly, radial velocity. For the present finite element
scheme, pressure is somewhat less accurately predicted than the
three velocity components.

The computations were performed using both the projection and
local problem error estimators. The behavior of the adaptive pro-
cess is presented in Tables 3 and 4.

Both estimators produce a reduction of the error at each cycle by
a factor that is very close to the requested value of 3. Hence, solu-
tion accuracy improves steadily at each adaptation cycle and
reaches about 1% in relative error on the fourth mesh. Note that in
both cases the meshes, solution and error norms behave similarly.
Nearly identical results were obtained with both methods. Hence,
only one set of results is presented.
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W/Uo

0.2

0.1

1
r/R

Fig. 8 Swirl profile.
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0.2

0.1
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-0.1
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-0.3

-0.4

EXP-x/D=0.025 EXP-x/D=0.23• •
FEM-x/D=0.025 FEM-x/D=0.23

) 1
r/R

Fig. 10 Pressure distribution.

V/Uo
0.15

0.1

0.05

-0.05

-0.1
0 1 2

r/R

Fig. 9 Radial velocity profile.

Figure 4 presents the meshes obtained at each cycle of adaption
using the projection estimator. Cycle-4 produces a grid with very
high refinement near the propeller due to fluid acceleration and
pressure variations. Figure 5 shows contours of pressure obtained
on some of the meshes plotted in Fig. 4. As can be seen, resolution
improves drastically between the initial and final mesh. The para-
sitic pressure field observed on the initial mesh has completely dis-
appeared on the final grid. The contour lines of the axial and swirl
velocity components, vorticity, and pressure on the final mesh are
plotted in Fig. 6. Contours are crisp and smooth indicating that the
mesh adequately resolves the flow.

Figure 7 compares the experimental and predicted axial velocity
profiles. The agreement is excellent at xlD = 0.025 and good at x/D
= 0.23. One clearly sees the acceleration of the flow downstream of
the propeller. The small dip in axial velocity near the propeller tip,
typical of such flows, is difficult to predict numerically, and has
been previously observed both experimentally and numeri-
cally.8'10'18 Figure 8 presents the predicted and experimental swirl
profiles. Agreement between predictions and experiments is good
and constitutes an improvement over those of Refs. 8 and 9. It can
be seen that the assumed radial distribution of the swirling body
force results in a reasonable swirl distribution. However, results in-
dicate slightly too sharp a peak located too close to the propeller
tip. This is caused by the use of Eqs. (10) for both thrust and torque
distributions. Improved predictions could certainly be achieved by

changing the radial distribution of torque to better match the mea-
surements. However, there is little theory on which to base such a
change. Until such theoretical foundations can be developed,
adhoc changes of the torque distribution should be viewed as refin-
ing a postdictive computational capability rather than developing a
predictive tool.

Figure 9 compares the predicted and measured profiles of radial
velocity. The predictions display the expected shape for a free-run-
ning propeller: outward flow close to the axis and inward farther
out in the freestream due to the acceleration of the fluid. This com-
ponent of velocity is the most difficult to measure and is subject to
the highest experimental uncertainty. At the first station (x/D
= 0.025), the experiments display a behavior similar to that of the
predictions, but the magnitudes do not agree. This could be attrib-
uted to the presence of the spinner and shaft. At the second station
(x/D = 0.23), the experimental velocity distribution is directed out-
ward, although that of the predictions points mostly inward. This
experimental behavior is probably caused by the presence of the
drive housing. Finally, Fig. 10 presents the predicted and measured
radial profiles of the pressure given in the form of a pressure coef-
ficient Cp = 2(p*- Pi )/(p* t/*2), with P* = 0 the freestream pres-
sure. The agreement with experiments should be considered as
good at the first station (x/D = 0.025). At the second station, pre-
dictions are in qualitative agreement with the theory of the free-
running propellers whereas experimental profiles at x/D - 0.23
present negative values typical of the flow over an obstacle such as
the drive housing.

Computational Efficiency
Results presented in the preceding section illustrate the accuracy

that can be achieved with adaptivity. The proposed strategy also re-
sults in a cost-effective solution algorithm that is well worth the
added complexity. Table 5 contains computational statistics ob-
tained on an IBM E/S 9000 with vector facility using the projection
estimator. Timings include all aspects of computations (grid gener-
ation, flow solution, error estimation, and interpolation of the solu-
tion between grids).

Computation of the estimate error represents typically less than
5% of the cost of obtaining a solution on a given mesh. Complete
solution of this problem required a total of 524 CPU seconds. Solv-
ing the same problem directly on the final mesh without using in-
termediate grids would have required approximately 800 CPU sec-
onds. The results are not as spectacular as those observed for other
laminar flows,4"7 due to the strong nonlinearities in the diffusion
terms, but the adaptive strategy still proves costeffective.

It should also be noted that without adaptivity it would have
been nearly impossible to generate a grid leading to comparable
accuracy without doubling the number of grid points on the final
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mesh. In fact, it is very difficult to achieve a good allocation of grid
points without the extra knowledge gained from the error esti-
mates. Given that Gaussian elimination is used at each Newton it-
eration, the increase in computational cost is proportional to the
cube of the number of grid points. It follows that nonadaptive com-
putations of comparable accuracy would have been far more ex-
pensive than the adaptive ones.

Conclusions
An adaptive remeshing finite element procedure has been pre-

sented for solving turbulent flow past a propeller. The proposed
adaptive procedure has shown to be very robust. It can be used in a
nearly blackbox fashion with little or no intervention on the part of
the user.

Predictions for uniform turbulent flow past a propeller show ex-
cellent agreement with the experiments for axial and swirl compo-
nents of the velocity and good agreement for pressure. The adap-
tive remeshing procedure for turbulent flow has produced im-
proved predictions when compared to previous work.
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